Mathematics HL — Paper One Style Questions

ALGEBRA

Question 1

An arithmetic sequence is defined in such a way that the 15th term, u ;5 = 92, and the 3rd term,
us; = 56.
(a) Determine

(i)  the common difference.
(i) the first term.

(b) Calculate S,,.

Question 2

u
A geometric sequence is such that its 4th term, u, = 135 and the ratio 2 =35,

Uy
(a) Find (1) the common ratio.
(i1)  the first term.
(by If S,y = a(b-1), determine the real constants a and b.
Question 3
Consider the sequence defined by the equation u, = 1 -9n,n = 1, 2,3, ..., where u,

represents the nth term of the sequence.

(a) Write down the value of u, u, and u;.

10
(b) Calculate ) (1-9n).

n=1

Question 4

Solve for x in each of the following equations

(a) logx* = log 16.

(b) log,27 = 3.

(©) log432 = X.

(d) log3(1 —x)—10g3x = 2.
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Question 5

The nth term of a sequence is given by

4y = 3x3n = 1,23,

20
If 2 (% X 3") = a(329-p), determine the values of a and b.

n=1

Question 6

Solve the following equations for x.

(a) x-4=4.
(b) |x—4] = 4.
() logz(x—4) = 4.
(d x2-4 =4,

(e) logz(x—2)+log2(x+2) = 2.

Question 7

Solve the following equations for x.

@ () 2x—1=14.
(ii) 3%’6 = x

b) (x=2)(x+1) = 1.

Question 8

(@) (i) Factorise the quadratic expression x2 —6x + 5.

(ii)) Solve the inequality for x, where x2 - 6x+5>0.
(b) For what values of x is
(1) log,o(6—x) defined?

(ii) logy(x—4) defined?

(c)  Solve for x, the equation logo(x> - 6x +5) = log 10(6 =x) +1ogy(x—4).

© IBID Press 2



Mathematics HL — Paper One Style Questions

Question 9

(@) () Expand (a+ 1)(a2+2a-1).

(ii)  Solve for a the equation a3 +3a%?+a-1 = 0.
(b)  Solve for x where (Inx)3 +3(lnx)?+ Inx = 1.
Question 10

(@) () Expand (x+a)(x+1).

(ii) Factorise xZ +3x + 2.

(b) Solve each of the following equations for x,
(i) x2—(e+1)x+e =0.
(i) e**—(e+1)e*+e = 0.

Question 11
The first three consecutive terms of an arithmetic sequence are k — 2, 2k +1 and 4k +2.

(a) Find the value of k.

(b) Find () uy,.
i) Sy-

Question 12

The first three terms of a geometric sequence are given by J3+1,x and /3 -1, where x> 0.
(a) Find x.

(b) Find S_ .

Question 13

Giventhat%+ 1+2+22+4 ... +210 = gx 20+ ¢, find the values a, b and c.

Question 14

A geometric sequence is such that each term is equal to the sum of the two terms directly
following it. Find the positive common ratio.
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Question 15

An arithmetic sequence is such that u, = ¢ and u g =P-

p

(a) Find, in terms of p and g, u, .

(b) FindS,, .

Question 16
Solve each of the following equations for x.
(@ xZ+x-2=0.
2 1 -
(b) (In(x))*—In 2) 2 =0.

() 2"-2x27"+1=0.

Question 17
(a) Expand (2a+1)(3-a).

(b) Solve (i)  log,o(2x—35) +logy(x) = log 3.
i) 2x3*'-5x3""'-1=0.

Question 18

Find kif (1) log,(2k—a) = 3.
(i) log,ok = 1 +log,,5.
@iii) 3In2-2In3 = -Ink.

Question 19

(a) Iflog(a—-b) = loga—logb, find an expression for a in terms of b, stating any
restrictions on b.

(b) Ifa?+b2-2ab = 4 and ab = 4, where a >0, b > 0, find the value of 2log,o(a +b).
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Question 20

90—y =27

Solve the simultaneous equations .
2x+y = 32

Question 21

If x = log,n and y = log n where a, c>0and n# 1, prove that
Xx—y _ log ¢ —log,a

= ,b>0.
x+y log,c—log,a

Question 22

A sequence of numbers have the property that x, 12, y, where x > 0, y > 0 form a geometric
sequence while 12, x, 3y form an arithmetic sequence.

(a) Ifxy=k,find k.
(b) Find the value of x and y.
(c) For the sequence x, 12, y, find (i) the common ratio.

(i) the sum to infinity.

Question 23

The numbers o and 3 are such that their arithmetic mean is 17 while their geometric mean
is 8. Find o and B.

Question 24

n
Given that the sequence with general term u;, has its sum defined by z u; = n(n+2), find
i=1

10
@ Y u.

i=1

(b) (1) the first term, u, .

(i1)  the second term, u, .

(c) (1) the rth term.
(i) the 20th term.
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Question 24
S b
(a) Given that Elk(“ ) =a+ 1 find a and b.
99 :
(b) Find _Eiom , giving your answer in the form %1 , where m and n have no common
factors.
Question 25

(a) Show that log(an)(x") =log x,a>0,a#1,x>0,n#0.

(b) Hence find log ﬁS.

Question 26

One solution to the equation 5**! = 3¥*~ 1 jsgivenby x = a + log ;b . Find the other solution

and the values a and b.

Question 27

52n—1_52n—3

(by If2¥ =5and2 = 57, find xy.

Question 28

Solve the equation log (3 x2**+1-8) = x.

Question 29

Prove by mathematical induction, that 8” — 3" where n € Z™, is divisible by 5.

Question 30

Find all values of x such that 22* —2*+1 < 3,
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Question 31

. : . 1\
Find the constant term in the expansion (2x + —) .
X

Question 32

n n n
Three consecutive coefficients in the expansion of (1 + x)" are ( ), ( 1) and ( ) and
r r+ r+

are in theratio6: 3 : 1.
(a) Showthat2n—-3r =1 and 3n—-4r = 5.

(b)  Which terms are they?

Question 33

Given that (3 — i) is a zero of the polynomial p(x) = x3—5x2+ 4x + 10, find the other zeros.

Question 34

Given that (/3 +i)® = —a7(b + ci), find the values of a, b and c.

Question 35

1+iﬁ
1-iJ/3

Express in the form z = rei®.

Question 36

L1
(1+i)2 (1-i)2

=a+bi,a belR,findaandb.

Question 37

Given that w = —Z——,, where z = a + bi, a, b € R, show that if w is a real number then z is a
—1

pure imaginary number.
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Question 38

(a) find m and n.

i(4-3i0)
—i)2

in the form z = re®.

(b) express

Question 39
Giventhatw = — 1+ .3iandz = 1—i, find

(@ @G |wl, Arg(w).
(i) |z, Arg(z).
(iii) |zw], Arg(zw).

(b) (i) Findwz.

(i1) Hence find the exact value of sin(Sl—;) .

Question 40

Ifz = L, and w = L where a, b € R, find a and b given that z + w = 1.
1+ 1+2i

Question 41

When the polynomial p(x) = x*+ ax + 2 is divided by x% + 1 the remainder is 2x + 3 . Find
the value of a.

Question 42

@ () Ifz, = 2cis(§) find 7] .

(i) Draw z; on an Argand diagram.

(b) How many solutions to z4 = —16 are there if ze€ C?

(c) Solvez°+16z = 0, ze C.
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Question 43

The two square roots of 5 — 12i take on the form x + iy, x, y € R. Find both values of z for

which z2 = 5-12i, giving your answer in the form x + iy, x, ye R.

Question 44

Find the four fourth roots of the complex number 1 + J3i, giving your answer in the form

re® —n<0<m.

Question 45

Find @ and b, where a, b € R in each of the following cases
(@ a+bi=1.

(b) (a+bi)? =i.

() (a+bi)® =i.

Question 46

If (a+bi)" = x+iy,ne Z*, show that x2 + y2 = (a? + b2)* where k is a function of n.
Expresss k in terms of n.
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FUNCTIONS AND EQUATIONS

Question 1
Consider the function g(x) = Jxl_—CJ,’XDX'
@ Find (i) g(4).

(i) 9(12).

(i) 9(9).

(b) Findthelargest set X for which g(x) isdefined.

(c) Sketch the graph of g(x) using its maximal domain X.

Question 2
Consider the functions f(x) = lel and g(x) = x3.

(@ Determine the maximal domain of N f(x).

(i) 9(x).

(b) (i) Justify the existence of (gof)(x).
(i) Find (gof)(x).

Question 3

Consider the function f(x) = /7 —x.

@ Find () f(3).
(i) f(7).

(b) What isthe maximal domain of f(x).

© Find (i) g(x) = % and determine the implicit domain of g(x).

(ii)) h(x) = f-1(x) and determine the implicit domain of h(x).
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Question 4

Given the function f(x) = 1+_1ez;<’ x OR and thefact that f(x) + f(—x) = ax+ b, where

a, b OR, find the values of a and b.

Question 5

Consider the function f(x) = 3x2—6x+7.
(@) Express f(x) intheform a(x—h)2+k,wherea, b,c 0Z".

(b) Forthe graph of f(x) write down the
(i)  coordinates of its vertex.
(i) equation of the axis of symmetry.

(c0 (i) Findthe coordinates of the y-intercept.
(i)  Sketch the graph of f(x), clearly labelling the vertex, y-intercept and axis of
Ssymmetry.

Question 6

(& Determinethe maximal domainof f(x) = In(x+1).

(b) If g(x) = &,
(i) justify the existence of (fog)(X).

(i) find (fog)(x).
(iii) state the maximal domain of (fog)(x).

Question 7

The graph of the function g(x) = 2x2—12x + 7 is shown below. The coordinates of B are

%H «/?E) (% where a, b, c 0 Z. Find the values of a, b and c.
AY

©n\ |
\

—_— X
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Question 8

Consider the function g(x) = x+ )—1( x>0.

@ (@) Fndg(2).
(i) Find the x-value for which g(x) = 2.

(b) The composite function (gog)(x) = &,x>0. Find f(x).
X(1+ x2)

Question 9
(@ Findthe (fog)(x) whereg(x) = eX+ 1, xOR and f(x) = (x—1)In(x-1),x>1.
(b) Find{x:(fog)(x)=2% .

(c) What would the solution to (fog)(x) = 2x beif g(x) = eX+1,x>07?

Question 10

(@) Findtheinversefunction, f-1, of f(x) = XT12,X>2.

(b) Onthe same set of axes, sketch the graphsof f(x) and f—1(x).

(c)  Find the coordinates of the point of intersection of f(x) and f~1(x).

Question 11

e—kX

Consider the function f(x) = xUR.

2+eX

(@ Find (i) {x:f,(x)=1.

.4 []
(i) %p(:fl(x) = %E

(b) For what values of a will Ep(:fl(x) = % =R.
W
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Question 12

(@ Onthe same set of axes, sketch thegraphsof f(x) = x2—4 and g(x) = /x-2.

(b) What isthe domain of (fog)(x)?

(0 Find (i) (fog)(x).
(i) therangeof (fog)(x).

Question 13

Thegraphof f(x) = —1+ In(x—1), x>a isshown.

(@ Findthevauesof aand b.
(b) Find f-1(x).

(c) Sketch the graph of f—1(x).

Question 14

1
In(Inx)

Find the maximal domain of h(x) =

Question 15

(@) Onthesame set of axes sketch the graphsof f(x) = 5x+ 2 and g(x) = 3x2.

() Find (i) {x:f(x)=g(x)} .
(i) {x:3x2<5x+2 .

Question 16

Consider thefunction f :A - R, where f(x) = Iog3(3x+ 2).

(@ Findthelargest set A for which f isdefined.

(b) (i) Definefully, theinverse, f-1.
(i) Sketch the graph of f—1(x).

(iii) 1f g(x) = 3%, express f~1(x) intermsof g(x).
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Question 17

For the graph shown below, sketch, on different sets of axes, the graphs of
AY

@ y= f(x+1). 4 (44)
/
3
(0 3y = (). /
y|= f(x)
2
(0 y=f(x)-2. /
1
/
1 2 3 4%

Question 18

Let f(x) = )1( x# 0. Thegraph of g(x) isatrandation of the graph of f(x) defined by the

matrix %

(@ Find an expression for g(x)
(i) intermsof f(x).
(i) intermsof x.

(b) On the same set of axes, sketch the graphs of
i f(x).
@) g(x),forx>3.

Question 19

The function g(x) = ax—Db passes through the points with coordinates (1, 9) and (-3, 1).
Find a and b.
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Question 20
Let f(x) = x2, xOR.
(@ Sketchthe graph of f.

10

The graph of f istransformed to the graph of g by atrandation 020"

(b) Find an expression for g(x) interms of
i f(x).
@i x
(0 () Fnd{x:g(x)=0 .
(i) Find g(0).
(iii) Sketch the graph of g(x).

Question 21

Giventhamf(x):;‘—:—i,find @ f(1).
(b) f(-1).

Question 22

Thefunction f(x) undergoes atransformation defined by the matrix E-ab% to produce the new

function g(x) .
(@ Expressg(x) intermsof f(x).

(b) If f(X) = x2—2x+4 and g(x) = x2—-2x+ 8, findaand b.

Question 23
Let f(x) = 26X+ 3, x0OR, find (@) f(-1).

() f7(4).
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Question 24
Let f(x) = x3 and g(x) = x—1. Find
@ (fog)(1).
(b)  (gof)(2).

Question 25

|:| _ .
Consider the function f(x) = X—-2, if x<0

0 (x-1)2-3k, if x=0
(@ Findthevalue of k for which f(x) iscontinuousfor x O R.

(b) Using thevalue of kin (a), sketch the graph of f(x), clearly labelling al intercepts with
the axes.

Question 26

Find all real values of k so that the graph of the function h(x) = 2x2—kx + k, x OR cutsthe
x-axis at two distinct points.

Question 27

(@) Sketchthegraphof f(x) = x2—4x+ 5, clearly showing and labelling the coordinates
of its vertex.

. . . 4
b) Find [ lim ———
(b) ) X owX2—4X+5

N . 4

(i) X|LIT_IOO X2 —4x+5
(© Giventhat g(x) = ——,
0

(i) statethe maximal domain of g(x).
(if)  sketch the graph of g(x).
(iif) find the range of g(x).
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Question 28

(@ Onthe same set of axes sketchthecurvesof y = x| andy = In(1-x).

The graph of the function f(x) = [x/In(1—x), x<a isshown below.
Ay

y = f(x)

I
\
\
\
|
|
o) a
|
\
\
\
|

(b) Findthevalue of a.

() Sketchthegraphof (i) vy = [f(x)|.

(i) y= f(x).
(i) y = ——.
0

(d) Sketchthegraphof g(x) = |X/In(2-X).

Question 29

(@ (i) Sketchthegraphof f(x) = [2x+1].
(i) Solve|2x+1] = 3.
(iii) Hencesolvefor xif g(x) = 0 where g(x) = (2x+1)2—|2x+ 1| —6.

(b) For what valuesof xwill (2x+1)2—|2x+1/>67

Question 30

Ix—3 _ Of(x),x=3

@ O 2X _Eg(x),x<3

.Find f(x) and g(x).

(i) Sketchthecurveof y = %

(b) Find all real values of x that satisfy the inequality % <1.
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Question 31

(@ (i) Sketchthecurvey = (x+2)|x+2].
(i) Hencefind al real values of x for which (x + 2)|x+ 2| <9.

(b) Find{x| (x+2)|x-2/<3} .

Question 32

The polynomial p(x) = ax3—x2+ bx+ 6 isdivisibleby (x + 2) and has aremainder of 10
when divided by (x+ 1).

(@ Findthevauesof aand b.

(b) Find {x]| p(x) <6-7x .

Question 33

Consider the curve with equationy = ———.
X+ 4

(@ Showthat yx2—x+4y = 0.

(b) Hence, giventhat —a<y<a for al real values of x, find a.

Question 34
. . . . OX+7,x<3 )
Find the value of a which makesthefunction definedby f(x) = continuousfor
max2X,x>3

al real values of x.

Question 35
(@  Sketch the graph of the polynomial p(x) = x3—x2—-5x—3.

(b) Find all real values of x for which
(i) x3—x2-5x—-3<4(x-3).
(i) x3—=x2-5x—-3>(x+1)(x=3).
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Question 36
Oax+1,x<2
U ’ 2

Giventhat a+ b = 2, find the values of a and b so that the function f(x) =
%sinx+b,x2

NS

is continuous for all values of x.

Question 37

Giventhat h(x) = 9%+ 9 and g(x) = 10 x 3%, find { x| h(x) <g(x)} .
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CIRCULAR FUNCTIONS AND TRIGONOMETRY

Question 1

Given that Osesgand tand = 3. find

4
(@ cosO.
(b) sin26.
It
(© tan[E —EH
Question 2
Giventhat 0<0 < g arrange, in increasing order, sin®, -gi—e, sin20.

Question 3

(@ If 0<6<90° and cosd = %a,find sing.

(b) Express g in degrees.
(c) Evauate cos300°cos30°

(d) Expressintermsof tanf, Sn(m—9) [tan%[—%.

cosEg+ %
Question 4
(@ Express cosé—l_cosé+ 1 intermsof sinB.
(b) Solve —= L _ _g0°<6<360°

cosB—1 cosB+1
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Question 5

(@ Giventhat cosBsing = % evaluate (cosB —sinB)2.

(b) Findall valuesof 8 such that (i) sin20—sinB = 0,0<0<2m.
(i) sin?6—sinB = 2,0<06<2m.

Question 6
The figure below shows the graph of f(x) = Zsin%.
Y1 A@b)
B(cO
5 >
y = f(x)

(@ Finda bandc.

(b) Solvefor x, where f(x) = ./3,0sx<c.

Question 7

Consider the graph of the function h(x) = acos(bx) + c:
Ya

5 y = h(x)
2\/

» X

o
NIgT — —
=)

Find thevauesa, b and c.
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Question 8

(@ Statetherangeof 2sinB.

(b) Find (i) thesrnall&ctvalueof3+4sme.

(ii) thelargest value of PYETTE

Question 9
(@ Findall values of x such that 2cos(x) + sin(2x) = 0, x [0, 2] .

(b) How many solutionsto 2cos(x) + sin(2x) = cosx are therein theinterval [0, 211.

Question 10

Part of a particular tile pattern, made up by joining hexagonal shaped tiles, is shown below.

The side lengths of every hexagon isx cm.

(@ Findintermsof xand 6 the length of [AE].

(b) If the area of the shaded region in any one of the hexagonsis9 cm? and sin@ = % find

the value of x.

Question 11

For the diagram shown alongside, the value

of sin(a—B) = %(,Where kO Z*.

-« Q) —>

Find the value of k. -« a— »<«—a—>»
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Question 12

The following diagram shows continually decreasing quarter circles, where each successive
guarter circle has aradius half that of the previous one.

Let A, equal the areaof the quarter circle of radiusr, A, equal the areaof the quarter circle of

radius %r , A equal the area of the quarter circle of radius %fr and so on.
(@ Find (i) A, intermsofr.
(i) A, intermsofr.
(iii) Agintermsofr.
525

o]

(c) If quarter circles are drawn and shaded in indefinitely, find r if Z A = 27T
i=1

Question 13

A poleof length b metres resting against awall makes an angle of 60° with the ground. The end
of the pole making contact with the ground starts to slip away from the wall until it comesto
rest, 1 m fromitsinitial position, where it now makes an angle of 30° with the ground. Find the
value of b.

Question 14

The figure below shows a square ABCD. If OXBA = 30° and JCXA =0° ,find tanB°.

30° B C

eO
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Question 15
In the diagram below, cosB = g,AB:Gand BC=2, AC = ./b, find b.
A
6
C 2

Question 16

The area of the triangle shown is 27 sg. units. Given that sin@ = i—i find x.

2X

4x

Question 17

A circular badge of radius 2 cm has the following design:

(@ Statethevalueof a.

(b) Find (i) thelength of the minor BC.
(ii) thearea of the minor sector OBC.

(c) Find the areaof the shaded region shown.

Question 18
If 0° < x<90°, solve each of the following

sin36°.

(@ cosx

sinx.

(b) cosx

(c) cos2x = sinXx.
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Question 19
(@ IftanB = a,expr%sg—cagésl——————ﬂma interms of a.
. , 4sin6 _ T
(b) Hence find the value of 6 Ifm = 1,0<e<2.
Question 20
Consider the triangle ABC: B
2x.cm 60°
(8 Findx. xcm
. A C
(b)  Find the areaof AABC J48cm
Question 21

The segments[CA] and [CB] are tangents to the circle at the
points A and B respectively. If the circle has aradius of 4 cm

and 0AOB = 27,

3

(& Find thelength of [OC].

(b) Find the area of the shaded region.

Question 22

Thegraph of f(x) = acos(bx) + ¢, 0 < x < 11 isshown below. Find the values a, b and c.

yﬂ |
10 I
|
|
| y = f(x)
|
|
|
|
2 |
|
@) 3n 3 "
2
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Question 23

(@

Part of the graph of the function defined by y = f(t) isshown below.
|

3

AWAWAW
\/ 0.5\/ | -

; V7

-1

(i) What isthe period of f(t)?
(i) Giventhat f(t) = acos(kt) +c, finda, kandc.

(b) What isthe least positive value of x for which cos(2x) = ./3sin(2x) ?

(c) Letg(x) = mcos(x)+n,n mOR andm> 0. Writean expression for nin terms of mif
g(x) <0 for al real values of x.

(d) Sketchthegraphof h:]-m] = R, where h(x) = tan% + 1, clearly determining and
labelling the x-intercepts.

(e) Findthe sum of the solutionsto cos% = %J@ x4 [0, 4] .

Question 24

Destructiveinterference generated by two out of tuneviolinsresultsin the production of asound
intensity, 1(t), given by the equation

I(t) = 30+ 4cosg%’3% dB (decibels)

wheret isthe time in seconds after the violins begin to sound.

(@
(b)
(©
(d)

What isthe intensity after 1 second?
What is the least intensity generated?
When does the intensity first reach 32 dB?

What time difference exists between successive measures of maximum intensity?
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Question 25
Therabbit population, N(t) , over aten year cycleinasmall region of South Australiafluctuates
according to the equation

N(t) = 950cos(36t°) +3000,0<t<10
wheret is measured in years.

(8 Find the rabbit population after 2 and a half years.

(b) What isthe minimum number of rabbitsin thisregion that is predicted by this model?
(c) Sketchthegraphof y = N(t),0<t<10.

(d) For how long, over a 10 year cycle, will the rabbit population number at most 3475?

Question 26

Solve the equation for x, where sin2x = J3cosx, 0< x < TI.

Question 27
m
(@ Expand ﬁcos%? il

(b) Solve cos?0 + sinBcos® = —(cosB + sinB), 0<B < TI.

Question 28
If SinA = %2 and cosB = %3 where both A and B are acute angles, find
@ (i) sn2A.

(i) cos2B.

(o0 sin(A +B).

Question 29

@ (@) If T(x) = 6—(x—1)2, what isthe maximum value of T(x) ?
(i) Express sin?x + 2cosx + 6 intheform a + b(cosx —1)2.

(b)  What isthe maximum value of sin?x + 2cosx + 6?
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Question 30

(@) Lets = sinB. Show that the equation 15sin + cos?0 = 8 + sin20 can be expressed in
theform 2s2—-15s+7 = 0.

(b) Hencesolve 15sinB + cos?6 = 8+ sin20 for 6 I [0, 2] .

Question 31

Find { x| 4sinx + 4sin®x—sinx—1=10,0< x< 21}

Question 32

asin®

If SnA = 2sin(6— A), find the values of a and b such that tanA = ————
1+ bcoso

Question 33

(@ Showthat (i) cos30 = 4cos36 —3cosh.
(i) snB° = cos(90° —-06°).

(b) Notingthat 2x 18 = 36 and 3x 18 = 54 = 90— 36, find the exact value of sin18°.

Question 34

1+sin6
0s0

uz—1

u2+1’

Giventhat u = , prove that

(@ snb =

2u

(b) cosB = 1

Question 35

Giventhat sinxsiny = ? and cosxcosy = -“ﬁ—é,find al real x and y that satisfy these

equations simultaneously, where0 < x<mand0<y<TL
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Question 36

Giventhat asecO = 1+ tan® and bsec® = 1—tan®, show that a2 + b2 = k and hence state
the value of k.

Question 37

A sector OAB of radius 4 cm is shown below, where the point C is the midpoint of [OB].
A

30

B
(@ Find the areaof the shaded region.

(b) Where, along [OB], should the point C be placed so that [AC] divides the area of the
sector OAB in two equal parts.

Question 38
C

In the figure shown, DC =acm, BC=bcm,
OABC =B and OADC =a .

B
If AD = xcosa +ysinf3, find x and y in terms B
of aand b.

a

A D

Question 39

Point A isx metres due south of avertical pole OP and is such that the angle of elevation of P
from A is60°. Point B is due east of the pole OP and makes an angle of elevation to P of 30°.
The points O, A and B al lie on the same horizontal plane. A metal wireis attached from A to
P and another wire is attached from B to P.

(@ Find an expressionintermsof x for (i) AP
(i) BP.

(iii) AB.

a./b

(b) Thesine of the angle between the two wiresis e where a, b,c0Z* . Finda, band c.
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Question 40
Consider the function f(x) = 25in§<—££+ 1,0<x<TI.

(@ (i) Findtherangeof f.
(i)  Sketch the graph of f.

(b) Find f-1.

(c) Sketchthegraphof f-1.

Question 41

(@ (i) Sketchonthe same set of axesthe graphsof f(x) = Arccos(x) and
g(x) = Arcsin(x).
(i) Hence sketch the graph of h(x) = f(x) + g(x).
(iii) Deducethe value of Arccos(x) + Arcsin(x) for -1<x<1.

(b) Find sin %Arccosﬂ—ﬂ + Arctan 050
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MATRICES

Question 1

Let the matrix A = [‘2 1} definea 2 x 2 matrix.
30

(@ Find (i) |A?.
(i) A1l

(b) 1fB = {4 3} , find the matrix X given that 2X + B = A.
1 —

Question 2

Giventhat A = |2 4| andB = |1~
3.1 3 2

(@ find (i) AB.
(i) A2B—A.

(b) If xA-yB = [56} where x, y OR, find x and y.

Question 3

Consider the matrices A = [2 ] B = [_?j and C = [_21 O} . Find, where possible,
4

@ AB.
(b) A+B.
(© BC.
(d) CB.

(e CA
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Question 4
Findxgiventhat () |7 =12 7 |
46 4 x+3
(”) X2+6 7 - 5x 7
' x+2 3 4 3
Question 5
0-1 1{j2 0 1
(8 Find|1 542 1 —1]-
1 2-231-1
2x+z =15
(b) (i) Setupthesystem of simultaneous equations 2x +y—z =
3X+y-z=3
X
where X = y
z
(i) Hencesolvefor x,yand z
Question 6
if [2X+8 4 = 13X=Y 4| findxandy.
05x vy 5 y
Question 7
@ Giventhat A = |1 3| find AL,
2 4
(b) Hencefind the coordinates (a, b) of point A in the diagram shown below.

Xx+2y =4

Ay

A

Aa, b)

—x+3y =3

© IBID Press
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Question 8

If A = {COSZG —cose} and B = {sinze cose} find

sn® sin%@ —sin® cos?0
@ () A+B.
(i) (A+B)-L.
(i) A—B.

(b) For what values of 8 where 0< 8 <1r, does A—B = !0 J2|
J2 0

Question 9

Consider the function T(x) = 3x2+4x+1,where | = [é }
1

@ IfA = [1 1} find T(A).
01

() () Find (3A+1)(A+1).
(i) Hencefind 3A2—4A+1.

Question 10

Giventhat A = |X
2 x-1

1 } , for what values of x will A be singular?

Question 11

(@ Giventhat A = [3 2} find
74

i AL
(i) Al

X+4y = 4

(b) Hence solve the system of simultaneous equations :
3X+2y = =2
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Question 12

If A= [01 j ,findscalars a, 3 and y, where a0, 3 #0,y # 0, for which

aA2+BA+yl = (00
00

Question 13
-11 1 011

@ () LetA=]|1_-11|adB=|101|,findAB.
1 1-1 110

(i) Hencefind A1,

-X+y+z=3
(b) Hence solve the system of ssimultaneous equations x—y+z = 4.
X+y—-z=5
Question 14
x-=1 1 2
Findxif |[Al =0andA=| 2 x_-3 1
-1 1 X—2
Question 15
3 1 2
(& Find,intermsofa, A = |5 2 3
1 1 (a-2)
X+y+2z =4
(b) Consider the system of equations 5x+2y+ 3z = 6.
x+y+(a-2)z=0

(i)  Solvethe system of equationswhen a = 3.
(i) For what values(s) of a will the system of equations have exactly one solution.
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Question 16
3X+2y-z=1
Consider the system of equations x+y+z = 2.
kx+2y—-z =1

(@ Find the value of k for which the system of equations has more than one solution.

(b) Solvethe system of equations for the value of kin part (a).

Question 17
1 1 1

@ IfAa=|3 _13 p | find
0O p+3 -1

(i) anexpressonfor A intermsof p.
(i) thevalue(s) of p for which A = 0.

X+y+z=2
(b) For what values of p will the system of equations 3x — 13y + pz = p + 1 haveaunique
(p+3)y-z=0

solution?

(c) For each value of p for which a unique solution does not exist, determine whether a
solution exists and if it does, find all solutions.

Question 18
1 a 2 5 X
Consider thematrices A = |3 1 1 |.B=|1adX = |y/,alR.
2 -2 a+?2 8 z

(@ Show that the equation AX = B has aunique solution when a is neither O nor —1.

() (1) Ifa=0,findthe particular solution for which x+y+z = 0.
(i) If a=-1, show that the system of equations has no solution.
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VECTORS
Question 1

The points A, B and C are shown in the diagram below

YA
o B j
i
8 A\\
7 N
AN
6 AN
5| adl AN
A \\_\\ \x
4 C
3
2
1
12345678910 X
%
(@ Findintermsof theunit vectorsiandj (i) AB.
H
(i) AC.

) () Find AB AC.
(i) Hencefind cos26.

Question 2

ABCD isaquadrilateral where P, Q and R are the midpoints of [AB], [BC] and [CD]
— —> —>
respectively. If AD + BC = kPR, wherek is a positive integer, find k.

Question 3
- _ 2, - 10 - [H] ¢
Giventhat a = DlD’b = O30 and c = Eﬁj’fmd

(@ a+2b+c.

() a-b.
© a—%(c—b).

(d Id.
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Question 4

O
0
Consider thevector r = O
]
[l

@ Find (i) rer.
@i .

[l 50

X 020 _

1% and b = Eg%,fmdxandyglventhatr = —4a+2b.
yO 010

Question 5
Ifa=2-6j+3kandb = —i+2j-2k, find
@ @ Id (i) o[

(b) |b-al.

(© (a-Db)+(a+b).

Question 6
AP 0,0 0,0
03g. . o olo olo
Thevector a = 020 isalinear combination of thevectors x = 020,y = 020 and
O 0 0.0 O 0
060 010 000
0,0
0lg _ _
zZ= EoE.Thatls, a=oax+By+yz.Finda,p andy.
020
Question 7
E coseg E sinb E
Thevector a = E sin@ E makes an angleof 60° withthevector b = 0 ¢osg 0. Find thevalue
0050 O 05 [0
of sin26.
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Question 8

o0 0,0
0X0 0“0 . :
If vectorsa = 0 3 O and b = [ w20 are perpendicular, find x.
0 0 0 0O
0—-10 010
Question 9
Giventhat |a] = 4, |b| = 3 andthat ais perpendicular to b, find
(@ (a-b)s(ath).
(b) (a+b)e(a+bh).

(© (a+b)e(a+b)-(a-b)(a-b).

Question 10

(@ Thestraight line, |, , passes through the points (2, 3, 1) and (5, 6, 3). Write down the
vector equation, r, of thisstraight line.

a4, O 0, O
o _ olo o020 |
(b) A secondlineisdefined by the vector equation r, = E_1E+ p%_lg,whereu isareal
030 010

number. If the angle between the two linesis 8, find the value of cos6.

Question 11
o 040 0lg
The vector equation of line |, isgivenby r; = E_ggﬂggg, tUR
020 010

(@ If thepoint Pon r, correspondstowhent = 1, find

(i) the position vector of P.
(i)  how far Pisfrom the origin O.

A second line, 1, , is defined by the vector equation r, = i +2j—3k +s(2i — j + 3k), sOR.

(b) If I, intersects |; whent =1, find the value of s.
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Question 12

Consider the points A(0, -1, 5), B(1, 3,3), C(5,4,0) and D(3,0,4).

(@ Findthevectors (i) AB.
%

(i) BC.

H

(i) DC.

. . —> —>
(b) Find the cosine of the angle between vector AB and vector DC.

— —>
(c) Calculate ABxBC.

(d) (i) Findthe Cartesian equation of the plane ', containing the points A, B and C.
(i)  Find aunit vector which is perpendicular to the plane I .

(e) A second plane, I1,, containsthe points A, B and D. Find the Cartesian equation of the
linewhere N, intersects M, .

Question 13

The angle between the vectorsx and y is 120° where [x| = 3 and |y] = 2.1f u = x—2y and
v = 2x+y,find

@ uev.

(b) thecosine of the angle between u and v.

Question 14

Thetwo planes 3x—2y—-z—-3 = 0 and 2x—y—2z—-5 = 0 intersect aongthelineL.
Find the

(@ pointonL wherez=0.

(b) vector equation of L.

(c) Cartesian equation of L.
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Question 15
(@ Find aunit vector perpendiculartobotha = i—2j+2k andb = 3i—6] + 2k.

(b) Find the sine of the angle between a and b.

Question 16

If the vectors a, b and ¢ are coplanar, wherea = 2i— j+3k, b = —i+ j+k and
c=ai-2j+2k,a0R,finda.

Question 17

(@ Twovectors,a = 6i—2j+3k andb = i+aj+Bk wherea,3 OR areparald. Find
thevaluesof a and 3.

(b) Find the area of the triangle formed by the points A(=3, 2, 4), B(1, -1, 2) and C(2, 1, 5).

Question 18

Find the equation of the plane which passes through the point A(3, 4, —1) and which is normal
tothevector n = —2i + j —3Kk.
Question 19

My:ren, =4
Consider the planes 3,Wheren1: 2i+j-3kandn, = i-2j+Kk.
s ren, =

Find the equation of the plane that is perpendicular to both M, and M., and that also passes
through the point P(2, 1, —2). Give your answer in normal vector form.

Question 20

Two vectors, n, and n, are perpendicular totheplanes M, : —x+2y+z+3 = 0 and
M,:3x+4y+2 = 0 respectively.

(@ Findtwo vectors i; and f,.

(b) Hencefind the cosine of the acute angle between the planes M, and I,
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Question 21
-1 -2 1
@ Fnd|_3 -1 4]
1 1 6

(b) ThepointsA(1, 2,-1), B(-2, 1, 3) and C(2, 3, 5) lie on the plane I . Find the vectors
H
(i) AB.
H
(i) AC.

(c) Hencefind the equation of I1; .

Question 22

Theplane 2x + 3y —z+4 = 0 and theline == = = ——= intersects at the point A.

Find the coordinates of A.

Question 23

Theline L passing through the points A(2, 5, 4) and B(4, 6, 2) intersects the plane
2x —3y—4z=12. Theinclination of L to thisplaneis 8 = arcsin%%bg, find aand b, where a

and b are smallest positive integers possible.

Question 24
o OO

(@ Find the vector equation of the plane containing the vectors % and % and which also
g 0o

includes the point (3, 4, 2).

(b) Find the Cartesian equation of the planein (a).
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STATISTICS AND PROBABILITY
Question 1
A random variable X is distributed normally with a mean of 50 and a variance of 16.
(a) Find P(X >50).
(b) Find (i) the value of X that is 1.65¢ above the mean.
(1) the standardised normal value corresponding to X = 64.
Question 2

A random variable X is distributed normally with a mean of 82 and a standard deviation of 6.
Given that P(Z < 1.6) = 0.945, correct to 3 decimal places, find P(X > 91.6).

Question 3

The lengths of a particular type of lizard is found to be normally distributed with a mean length
of 15 cm and a standard deviation of 2 cm. If the random variable X denotes the lengths of these
lizards and P(Z > 1) = a, where Z is the normal standard random variable, find

(a) the probability of a lizard being greater than 17 cm long.

(b) P(X|<17).

Question 4

The random variable X is normally distributed with a mean of 82 and a standard deviation of 4.
Let Z be the standard normal random variable. Use the result that P(Z < 1.5) = 0.93, correct
to two decimal places, to find

(a) P(X>88) (to 2 decimal places).
(b) P(76 <X <88) (to 2 decimal places).

) P(X>76|X<88).
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Question 5

The length, in minutes, of telephone calls at a small office was recorded over a one month
period. The results are shown in the table below.

Length of call (minutes) Number of calls
0<t<L2 40
2<t<4 60
4<t<6 40
6<1<8 30
8<t<10 20

10<r<12 10
Total 200

(a) Construct a cumulative frequency graph.
(b) Find (i) the mean length of calls.

(i1) the mode of the length of calls.
(iii) the median.

Question 6
For the data set; x—4,x+4,x-6,x—6,x+6,x+ 12, find
(a) the median.

(b) the mean.

(c) the variance, 62.

Question 7

A carton contains 12 eggs of which 3 are known to be bad. If 2 eggs are randomly selected, what
is the probability that

(a) oneis bad?

(b) both are bad?
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Question 8

The following cumulative frequency graph shows the number of years that employees remain
at the XYZ company.

A

70

60 va
Cumulative frequency 50
of number of employees /

40

30

Y

10 //

I 2 34 5 6 numberof years working for XYZ

(a) Find (i) the median.
(i) the upper quartile.
(i11) interquartile range.

(b) The probability that an employee serves no more than 4 years at the XYZ company.

Question 9

A regular tetrahedron with its faces numbered 1 to 4 has the following probability distribution.

Score (X) 1 2 3 4

. 3 1 1
Probability 20 10 5

Where the random variable X denotes the number that the tetrahedron lands on, i.e., the score.

(a) Find the value of x.

(b) Find (i) EX).
@i1) Var(X).

(c) The tetrahedron is rolled twice, what is the probability that the sum of the scores is

i 2
(i) 4.
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Question 10

The speed of Gab’s tennis serves are normally distributed with a mean speed of 102 km h!.

The probability that Gab’s serve reaches a speed in excess of 114 km h~! is 0.08.
(a) Find the probability that Gab’s next serve is less than 114 km h—1.

(b)  Gab records a serve reaching a speed of a km h=! . If there is a chance of 0.08 that Gab’s

serve reaches a speed of under @ km h=!, find the value of a.

(¢) During a training session Gab practices her serves 150 times. On how many occasions

will you expect Gab’s serve reach a speed of between 102 km h~! and 114 km h~1?

Question 11

A game is such that there is a % chance of winning $10.00. To play the game a player must pay

$5.00. Joe decides to play three games in a row.
Find the probability that after his three games Joe
(a) wins $30.00.

(b) makes a profit of $5.00.

Question 12

Two boxes containing different coloured balls are such that the probability of obtaining
a yellow ball from box A is x and obtaining a yellow ball from box B is 41—1 . Abox is first selected

at random and then one ball is selected from that box.

(a) A boxis first selected at random and then one ball is selected from that box. Find, in terms
of x, the probability of obtaining a yellow ball.

(b)  After selecting a ball it is placed back into the box it came from and the process, as
described in (a), is repeated for a second time.

(1)  Find the probability, in terms of x, that if two yellow balls are observed they both
came from box A.

(ii) Show that if the probability in part (i) is % then 8x2-8x—-1 = 0.
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Question 13

Students at Leegong Grammar School are enrolled in either physics or mathematics or both. The
probability that a student is enrolled in physics given that they are enrolled in mathematics is %
while the probability that a student is enrolled in mathematics given that they are enrolled in

physics is % . The probability that a student is enrolled in both mathematics and physics is x.

(a) Find, in terms of x, the probability that a student is enrolled in
(i)  mathematics.
(i) physics.

(b) Find the probability that a student selected at random is enrolled in mathematics only.

(c) If three such students are randomly selected, what is the probability that at most one of
them is enrolled is mathematics only?

Question 14

The random variable X has the following binomial distribution, X~B(4,p). If P(X = 3) = g p3 ,
p >0, find

(a) P(X=2).

b @O EX).
(ii) standard deviation of ~/2X .

Question 15
How many permutations are there of the word RETARD if
(a) they start with RE.

(b) they do not start with RE.

Question 16

Show that (n) = (n— 1)+(n— 1).
r r r—1
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Question 17

The probabilities that persons A, B and C select the correct answer to the same question are 0.3,
0.5 and 0.4 respectively. Find the probability that

(a) they all answer correctly.

(b) none of A, B and C answer correctly.
(c) only one person answers correctly.
(d) atleast one answers correctly.

(e) given that only one answered correctly, it was A.

Question 18

A fair coin is tossed five times.

(a) Find the probability of observing
(1) exactly one tail.
(i) at least four tails.

(iii) at least one tail.

(b) Find the expected number of tails observed.

Question 19

If the random variable X has a binomial distribution with mean 8, variance % and is such that

P(X=1) = 3%, find the smallest values of @ and b where a, b € Z*.

Question 20

The average number of people arriving at a funpark is A per minute. Assuming that the number
of people, X, arriving at the funpark is a random variable that follows a Poisson distribution and
a

is such that P(X = 2) =3P(X = 1), findaand bif P(X =2|X>1) = 1
e —

Question 21

If X ~Po()), show that P(X = r+ 1) = %P(X: P,r=0,1,2....
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Question 22

A radioactive source emits particles at an average rate of one every 10 minutes. The probability

that in one hour there are at most 2 particles emitted is ae~?, where a and b are positive integers.
Find a and b.

Question 23

Noriko tosses n identical fair coins, where n > 2. Find the probability that all of the coins or all
but one of them will fall with the same face up.

Question 24

If P(A) = Z,P(B) = % and P(A U B) = %,ﬁnd

(a) P(ANB).
(by P(A'NB).
(c) P(A'|B).
Question 25

The probability density function of the continuous random variable X is given by

) ksinx,0<x<m
X) = .

0, otherwise
(a) Find the value of k.

(b) Sketch the probability density function, f(x).

(c) Find (i) P(O <X< g) :
(i) P(X > 2?“)

(d) Find E(X).

(e) Find the median of X.
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Question 26

The probability density function of the random variable X is given by

0<x<1

f(x) = {1+x%
0, otherwise

(a) Find the value of the constant k.

(b) Find P(O <X< i)

J3
(c) Giventhat E(X) = }tln(b) , find the value of b.
(d) () Find the cumulative distribution function, F(x).

(i)  Sketch the graph of F(x).

(ii1)) The median of X is tan (g) , find the value of c.

Question 27

The probability density function of the random variable X is given by

1
f(x) = (1+x0)%

0, otherwise

>0

(a) (i) Find the cdf, F(x).
(i)  Sketch the graph of F(x).

(b) Find an expression for the g-quantile, ¢ 7

(c) Hence, find (i)  the median.
(1) the interquartile range.
(i11) the 95th percentile.

Question 28

Given that X ~ B(B, %) and Y ~ B(4, %), find P(X+Y =2).
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CALCULUS

Question 1

Find the equation of the tangent to the curve y = 2In(x + 1) at the point where x = 0.

Question 2

(@) Find £'(1) for () f(x) = Jx2+3.
(i) f(x) = e,

3
(b) Find £"(1) if f(x) = x(x+1)2.

Question 3

Use first principles to find the derivative of f(x) = x3+1.

Question 4

Let y = xtan(x).
(a) Evaluate dy when x = T

dx 6

(b) Find the equation of the tangent to y = xtan(x) when x = Z—:

Question 5

The tangent to the curve y = x2 + 2 has equation y = —4x + a . Find the value of a.

Question 6

Find the derivative of (1) f(x) = In(x) .
X

(i1) g(x) = sin(cosx).

(1+x)2
1-x ) °

(i) h(x)
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Question 7

Consider the graph of f :[-5, 11> R, where f(x) = x3+ 6x2+9x + 20.

Y A (1, 36)

(0, 20)

(@ (1) Find f'(x).

(i1) Find the two values of x where the tangent to the graph of f(x) is horizontal.

(b) () Expand (x+1)2(x+4).
(11) Find where the tangent line to f(x) at A extends to meet at B.
(iii)) Find the area of the shaded region shown.

Question 8
2
Find (a) L(4x3—3)dx.

(b) ﬁ@h+;%am.

Question 9
The slope at any point (x, y) on a curve C is given by Z—y = 3kx2+2x -2, k € R. The area
X

enclosed by C, the x-axis and the lines x = 0 and x = 1 is 2 sq. units. If the curve passes through
the point (1, 3), find the value of k.
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Question 10

2a
(a) Showthatf /1+§dx=§a(3ﬁ—2ﬁ).
a

(b) (i) Find the derivative of f(x) = 2ax [**X.

.. . 2a a
(i1)) Hence find J. X " dx.
a a X

Question 11

S i
o1

Consider the integrals A, = J x"cos?xdx and B, = J x"sinxdx .

0

(a) Evaluate A, +B,.

(b) (1) Differentiate xsin2x.
(i) Hence evaluate A| - B, .

Question 12

1 n
Consider the integral /, = J- ! dt,ne 7 .
o(l+n)"
. t 1
(a) (1) ShOW that m = — m .

(i) Evaluate /.

(b) (i) Differentiate In(#2+2¢+1).
12 2t+1
=1- .
(t+1)2 (t+1)2
(ii1) Hence evaluate /, .

(i1)) Show that

Question 13

443 _ 2
(a) Evaluate J. )L;C-‘-xdx.
2 X

T

(b) Evaluate J4(sinx + cosx)2dx.
0
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Question 14

Given that joa f(t)ydt = 5 and joa ¢(t)dt = =2, find

@ O [ (F-gdr.

(i) joa(3f(t) +1)dr.

(b) the value of k so that joa(k+2g(t))dt - 4.

Question 15

An object moving in a straight line has its displacement from an origin, O, described by the

displacement equation s(¢) = 12 - % +5,t>0.
t

(a) Find the object’s (i)  position after 1 second.
(i) speed after 2 seconds.

(b)  When will the object first be stationary after it starts its motion?

Question 16
A normal to the graph of y = Jx has equation y = —4x+a,a € R.

y

y=—-4x+a

y = Jx

7
<Y

(a) Finda.

(b) Find the area of the shaded region shown in the diagram above.
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Question 17
A particle is moving along the x-axis in such a way that its displacement from the origin, O, at
time ¢ is given by the equation

x(t) = 2t +sin(2),1>0.

(a) Find the particle’s initial (i) velocity.
(i1) acceleration.

(b)  Find the value of r when the particle is stationary for the first time.

Question 18

Given that f "(x) = —6x+4sin(x), f(0) = 1,and f'(0) = 2, find f(1).

Question 19

An object starts from rest and for the first minute has an acceleration given by

a(t) = (k—%)t) ms1,t>0, ke R.

(a) After one minute it has a velocity of 22 m s~!. Find the value of k.

(b) (1) When will the object next be stationary?
(ii) What is the object’s displacement after the first minute of motion?

Question 20

(a) The area enclosed by the loop of the curve y2 = x(5 — x)?2 is shown by the shaded region
in the diagram below. Find this area.

AY

y2 = x(5-x)2

(b) The area of the shaded region shown is rotated about the x-axis, find the volume of the
solid formed.
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Question 21
(a) Given that f(x) = x3—2x2—4x, find f "(x).
(b) () Find the x-coordinate of the stationary points of f(x).
(i) Identify the points in (i) as either a local maximum or a local minimum, giving a

clear reason for your choice.

(c) Find the x-coordinate(s) of the point(s) of inflexion of f(x).

Question 22

Consider the shaded region, R, enclosed by part of the curve y = sin2x and the x-axis over the

. T
interval 0 < x < 3

(a) Find the area of R.

(b) If the region R is rotated about the x-axis, find the volume of the solid generated.

Question 23

The rectangle of area A cm? and dimensions x cm by y cm has a constant perimeter of 20 cm.

X cm

A
\J

ycm

(a) Showthat (i) y = 10—x.
(i) A = 10x-x2.
® () Find ‘jli‘

X
(i1)) Hence find the maximum area and justify your answer.
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Question 24

The area of the shaded region, R, is rotated about the x-axis. Find the volume of the solid
generated.

y = x2+2

Question 25

. . . . X .
P is a point on the curve with equation y = bln(—), x>0 and where a and b are positive real
a

constants. M is the foot of the perpendicular from P to the y-axis. The tangent at P cuts the
y-axis at Q.

[

(a)  Show that the gradient at P is xﬁ .
0

(b) Find the equation of the tangent at P.

(c) Show that MP is constant.

Question 26

In the diagram shown, R, represents the region enclosed by the triangle OAB and R,

represents the shaded region enclosed by the curve y = 4 — x2, the y-axis and the line AB.

(a) Find, in terms of q, the area of R .

(b)  Given that the area of R, is equal to the area of

R, , find the value of a.
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Question 27

The position of a particle along a straight line at time ¢ is given by
x(t) = asint—atcost,ae R'.

(a) Find the acceleration of the object when
i t=0.
(i) t=m.

. . . . 2n+1
(b) If the particle experiences a zero acceleration at time ¢ = a, where a # n,nezZ,

2

show that tan(a) +a = 0.

Question 28

(@ If f(x) = x3cos(2x), find () f'(x).
()  f"(x).

b) If e D d ¢
(b) g(X)—m,m g'(x).

Question 29

The functions f(x) and g(x) are both differentiable at x = 0. Given that f(0) = f '(0) = -2,
£"(0) = 4 and that g(x) = [f(x)]3, find

@ £(0).
() g"(0).
Question 30

A scale model of the coastlines of two islands, C, and C,, are approximated by the curves

v, = x2—6x+15 and Yy, = =(x=3)(x-=5) for 0 <x <35 respectively.
(a) Sketch both coastlines on the same set of xy—axes.

(b)  Arope, parallel to the y-axis is to run from C, to C,. What is the length of the shortest

rope needed (for this scale model).
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Question 31

A window consists of a rectangular base surmounted by an aquilateral triangle as shown below.

ycm

B, S—
X cm

The intensity of light, I units, passing through this window is proportional to its surface area,
A m?. The perimeter of the window is fixed at 12 m.
3
(@) Showthaty = 6 - zx.
(b) Find the dimensions of the window that will allow the maximum intensity.
Question 32

(a) If h(x) = sin2(J/x), find 2 '(1).

(b) Ife? = %,find f '(a) given that f(t) = arcsin(e™).

Question 33

Find the equation of the tangent to the curve with equation y3 = 2xy — x2 at the point (1, 1).

Question 34

Find the equation of the normal to the curve with equation ysiny = xsinx at the point (7, 7).

Question 35

(a) On the same set of axes, sketch the curves y = 2—xZ and y = |x].
(b) Find the area of the region enclosed by both curves.

(c) The region in part (b) is now rotated about the y-axis. Find the volume of the solid of
revolution formed.
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Question 36

An object whose displacement from an origin O is s metres, moves in a straight line. The

object’s acceleration, a ms=2, is given by a =

s+1°

(@) (1) Usingthe factthat a = Z—;, show that a = v - %}, where v is the object’s velocity.

(ii)) Hence find an expression for v2 in terms of s given that s = 0 when v = 2.

(b) Given that v >0 and that v = /k + In(2) when s = 1, find the value of k.

Question 37

A curve C is defined implicitly by the equation eSi"Y = sinx + y2.
(a) Find the equation of the tangent to C at the point where y =0 and 0 < x < 7.

(b) Find the equation of the normal to C at the point where y =0 and 0 <x < 7.

Question 38
The function g is defined by g(x) = (log,x)?—x% x>0.1If g "(a) = 0 has as its solution

(aln2)2 + (Ina) = b, find the value of b.

Question 39

Consider the curve with equation y = log,x.

(a) Find the equation of the tangent at the point where

. 1
i x-= 5
. |
he sl —.
(1) the slope is o
2 2
b) If Z—xi + (;’—)yc) - xﬁz find the value of k.
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Question 40

el + Inx
1 X

dx.

(a) Find j

N

4
(b) By using the substitution u = /x, find | X .

ol+x
Question 41

1
Find the value of (a) j |x3 = 1|dx.

b) j21|x3- 1dx.

Question 42

T
2 COSX
Evaluate I 2

dx.
g AJsinx

Question 43

(a) If 2sin@® = x, find an expression for cos0, —g' <0<

(b) Find (i) JA/4—x2dx, x| <2.
(ii) ij/4 — x2dx, | <2.

Question 44

The function g is defined by g(x) = xe™*.

(a) Find (i) the stationary point of g.
(i1) the point of inflection of g.

(b)  Sketch the curve of g.

(c) Determine the values of k for which the equation £k = xe™* has
(i)  two real roots.
(i1)) one real root.
(iii) no real roots.
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Question 45

The volume of a cube is increasing at 20 cm3s~!. At what rate are the lengths of the edges of
the cube increasing when its volume is 8000 cm?3.

Question 46

A ladder [AB], 16 m long, is leaning against a vertical wall. The end resting on a horizontal

floor is sliding away from the wall at a rate of ﬁ m min—!.

Wall

ladder

Floor

| T[]
O

(a) If OA =y mand OB = x m, find an equation connecting x and y.

B

(b) Find the rate at which point A is moving toward the floor when point B is 8§ m from the
wall.

Question 47

A particle moving along a straight line from a fixed point O at time ¢ seconds has its velocity,

v ms~!, given by

t
v(t) = 4te 2,t>0.
(a) (1) Find the maximum velocity of this particle and justify that this is the maximum
velocity.

(i1) Find the particle’s minimum acceleration.

(b) Find the distance travelled by the particle after of being in motion for 2 seconds.

Question 48

(a) The function g(x) = ﬁ%%s)(—x) where f@) =1, f G) - —?.Find g’(%).

T

(b) Find h'( >

) given that #(x) = arctan(e®sY).
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Question 49
(@ Find () | nx gy
X
(i) [xInxdx.

Parts of the graphs of f(x) = 91%6, x>0 and g(x) = xInx, x>0 are shown below.

VA

(b) (1) Identify which of for g correspond to C,; and which of f or g correspond to C, .

(i1) Find the coordinates of A and B.
(iii)) Find the area of the shaded region show above.

Question 50

dy

Find the particular solution to the differential equation Xy o = 1 — x2 given that y(1) = —1.

Question 51

Find the expression for y in terms of x given that 2d—§ =2 y(0) = 1.

d 1 +x%

Question 52

(@) Simplify —— 1.
y—1

<

(b) Find an expression for y in terms of x given that x and y satisfy the differential equation

x%+y =y2,y(1) =2 andx>0and y> 1.

(c) Sketch the graph of the solution curve in (b).

© IBID Press 13



Mathematics HL — Paper One Style Questions

Question 53

During a chemical reaction, the amount, R kg, of chemical formed at time ¢ hours is modelled
by the differential equation

dR R

— =4-—.
dt 15

Initially there are 10 kg of the chemical in the solution.

(a) Find an expresion for R in terms of 7.

(b) How long will it take for 20 kg of the chemical to form?
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ALGEBRA
1. (@ @G 3 (i) 50 (b) 798
2. (@ @G 3 (@) 5 b) a= g,b = 310
3. (@ wu =-8u, =-17,u; =26 (b) —485
4. (@ 2 ®) 3 (© 25 @@ 0.1
5. a=1,b=1
6. (@ 8 () 0,8 (¢) 20 (@ 2.2 (e) 2.2
7. @ @G 75 @G) 1 (b 1i2J1_3

& (@ (1) (x-5)(x-1) @) x<lorx>5
(b) () x<6 (i) x>4

© 4+3.6
9. @ () -lor—1%.2 (b) e, e 1%42
10. (@ @) x2+(l+a)x+a (i) (x+2)(x+1)
b @G le i) 0,1

1. @ 2 () @G 45 G 225
2. @ 2 0 5(E+4+2+25)

1o __ 1 _1 _ L. _ 1o 1
13. a=1,b=11andc= 2[0ra—2,b—12,c_ 21f512_2><2 2]

14. r:‘“ﬁ

2

15 @ w=pra-1 b S, =s(prapra-D
16. (a) -2,1 (b) e, e? c) O
17. (a -2a%*+5a+3 by @ 3 ) 1

. 1 . )
18. () §(8+a) @11) 50 (i11) 3

b2

19. (@ a = m,b>1 (b)y 1
20. x = %,y = ézl
22. (a) 144 (b) x=18,y=8 () () % (i) 54
23, a=32,B=2ora=2,B=232
24. (a) 120 b)) G 3 @) 5 c© @ wu,=2r+1
25. (@ a=1,b=-1
26. (b) 2

27. x=-l,a=1b=35
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28.

29.
31.

32.

33.
34.

35.

36.
37.

39.

40.

41.
42.
43.

44.

45.
46.

12
(a) 65
1,2

x <log,3

o 2!

(n!)?
(b) 8th, 9th and 10th terms
3+1,-1
a=2,b=1,c= ﬁ

2,

z=1-¢e3
a=0,b=0

b xy=1

(@) m=-2,n=15 (b) 7z = g . e_arCtan(Z)i
@ () | = 2, Arg(w) = 2?“ () | = /3 Arg(x) =
(i) |wz] = 242, Arg(wz) = 51_72‘

) O we=(B-DrGBEDI () 3(6+.2)

a=4>b=-5
2
(@ @G -16 (i1)) seesoln. (b) 4

©) 0, N2(1 +i), f2(= 1 +0),=2(1 +1i), 2(1 =)
3-2i,-3+2i

. . Sm. llm,
4201240 e 40 e 2 e T2
1 1 1 1
(@ a=0,b=1 ®®) a=-—b=—o0ora=-—,b=—-—
J2 2 2 J2
31 NI
(C) a_()’b__laa_T,b—z,a———z—,b——
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FUNCTIONS AND EQUATIONS

. @ G 1 (i % (iii) é[6 (b) x>3 (c) See soln.
2. @ () R\1} ) R () (i) (gof)(x) = ﬁ,xil

3. @ @O 2 @Gy 0 (b x<7 © (1) J-ee,71 (i1) [0, o[
4. a=0,b=1

5. @ f(x)=3x-12+4 b () (1,4 Gi) 1

¢ @ O, (i1)) See soln.

(@ J-l,eo[  (b) (1) (fog)(x) = In(e*+1) (i) R
a=3,b=11,c=2

(@ @ 25 @G 1 () fx)=x*+3x2+1

(@ (fog)(x) = xeX,xeRR (b) 0, In2 (c) In2

o o=

10. (@ fl(x) = -+2 xe J0,0[ (b) Seesoln. (c) (1+42,1+42)

11. (@) (@) -In2 (i) -In2 b a>1
12. (a) Seesoln. (b) [2, <[ ) 1O (fog)x) =x—-6,x=22 (ii) [4,0oo[

13. (@ a=1,b=1+e (b) fl(x)=1+e** xeR (c) Seesoln.
14. x>1,x#e

15. (a) Seesoln. (b) (i) {2,—%} (ii) {x|—%£x£2}

16. {x|x>——} (i) 1(x)=3"‘1—§,xe]R (ii)  See soln.
1
3

(i) fl(x) =
17. See soln.

(g(x)-2)

18. @ () gx) = f(x=3)+2 (i) gx) = sz x#3  (b) Seesoln

19. a=2,b=-7

20. (a) Seesoln (b) (1) g(x)=f(x+1)+2 (i) gx) = (x+1)2+2
© @ 9 aG) 3 (iii)) See soln

21. (a O (b) 0

22. (@ gx)=f(x—a)-b (b) a=0,b=-4

23. (a) 2e+3 (b) In2

24. (@ O by 7

25. (a) 1 (b) See soln

26.  ]—o0,0[ U ]8,00[

27. (a) Seesoln (b) (i) 0+ (@Gi) Of
(¢ (1) R (i) Seesoln (i) ]0,4]

28. (@ Seesoln (b) a=1 (c) Seesoln (d) Seesoln

29. (a) () Seesoln (i) 1,-2 (i) 1,-2 (b) x<-2o0rx>1
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30. (@ @© f(x) = %—%, g(x) = —%+% (i1)) See soln
(b) x<Oorx>1
31. (@ (1) Seesoln (1) x<1 (b) {x|1<x<ﬁ}u{x|x<—1}

32 (@) a=2b=-7 (b {ﬂx<%x¢0}

33. (b) 0.25

34, a=1.25

35. (@ Seesoln (b) () x<-3orl<x<3 (i) -l<x<QOorx>3
4 21

0 a= st =

37. {x|0<x<2}
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CIRCULAR FUNCTIONS AND TRIGONOMETRY

24

L@ 3 ® 5

2. sin26<sinB < L
sin©

9—a?

3. (a) 3 (b)

4 @ _sinze ®)

5 @ o0 (b) (@)

6. (@ a=mnb=2c

7. a=%,b=2,c=%

8 (a [-2,2] (b)
T 37

9 (a) E’ 7 (b)

10. (a) 2xsin6 (b)

11. 10

12. (@ @() -nr?

13. b=.3+1

14. %(3 -J3)

15. 31

16. 3

17. (@ 60° (b) ()

18. (a) 54° (b) 45°

9. (@ @ (b)
5-a

20 (@) 4 (b)) 8.3

21. (a) 8cm (b)

22. a=—4,b=g,c=6

3
23. (@) () 04 (i
(d) Seesoln (e)
24. (a) 28dB (b)
25. (a) 3000 (b)

© IBID Press

4
(©) 3
36° (¢) ? (d) —cotB
30°, 150°, 210°, 330°
T ..
0, i, TT, 21 (11) 7
21 4m
=4n (b) 33
O 5 G =
4
6
(i1) i7tr2 (iii) —1—7tr2
16 64
2 Ly 2T,
3 cm (i1) 3 cm (c)
(c) 30
T
4
cm?
1—3§(3J§—n) cm?
a=2k=5nc=1 (b)
47
26 dB (c) 025sec (d)
2050 (c) Seesoln (d)

(b) 5

2 ¢cm?

- ©

1.5 sec
20/3 yrs

c© 9

n<-m
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26.

27.

28.
29.
30.

31.

32.

33.

35.
36.
37.

38.

39.
40.

41.

nm2m
3’2 3
(a) cosO + sinH (b) n,:%n
N A J6 + /182
@ O G () 3 O S
@ @ 6 (i) a=8,b=-1 (b)y 8
T ST
n 5 7n lin 3n
666" 62
a=2=b
—1+ﬁ
b —
x=2 —7—rorx—5—7—E —z—norx—’—t —7—torx—%f—E = I8
—3Y TR T e T3 T T3 T YT
2

(a) 43_75 -2 cm? (b) 2?75 from O.

xX=ay=2»>b

(@ () 2xm (i) 2Bxm (i) J10xm () a=1,b=
(@ @ [-1,3] (i1) See soln
T

b  fl(x) = arcsin()%l)+§,xe [-1,3]
(¢) Seesoln

(@) () Seesoln (i) Seesoln (i) = (b) -—
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MATRICES

1. @ @G 9 (i %E; (b) X:{_3_}

2. @ (@) {14 4} Giy |20 ‘28} b) x=2,y=-1
0 -8 39 21

3. @ |13 (b) notpossible  (c) notpossible  (d) [110}

(e) not possible
4. 1 3 (i) 2

100 20 1]|x 5
S50 @ Jo1o] (b @  |21-1|y = |4 @) x=-1,y=13,z=7
001 31 -1||z 3
6. x=10,y=2
11-43
7. (a) EL J (b)  (1.2,1.4)
8. @ () [l O} (ii) 10} (i) co§29 —20059} (b) 3775
01 01 | 2sin® —cos26
0 @ {8 10} o @ |3 10} i |0 2}
0 8 0 8 00
10. 2or-1
1. @ @ -2 i -1[4 ‘2} b) x=8,y=-13
217 3

12.  Solution of the form o, B = -0,y = 30 whereae R (e.g., o0 = 1, = -1,y = 3)

13. (@ (@ 21 (i) %B (b)y x=45,y=4,z=35

14. x =2+.2,2-/2,2
15. (@ a-2 (b)) (@) x=2,y=-2,z=0 (i) R\{2}
16. (a) k=3 (b) x=3A-3,y=-4r+5,z = MLAeR
17. (@ (G A =25-p2 (ii) =5 (b) R\{£5}

(¢c) Whenp=5x=2-9,y =k, z=28k, ke R
18. (b)) (1) x=-1,y=-2,z=3
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VECTORS

L @ () 2i+4j G 8i-j (b O 12 (@ %%

6 oa=2pB=-1,y=2
72 3
"8
1
8. 3.l
9. @ 7 (B 25 (@« 0
2 3 S
10. =[3|+A3],AeR (b)) ——
(@ r + [J € (b) 25
1 2
5
11. (@ @ |o] @) 34 b) 2
3
12. @ @) 4 Gi) |1 Gii) | 4 (b) ——
2 3 4 3421

(c) —10i—5j— 15k
1

d) () 2x+y+3z=14 i 2i+ j+3k
d @ X+y+3z (i1) «/1_4( J )
© z:lT‘y:B—zx
19
13. (@ 19 (b) —2—
(a) (b) 27355
| 3/4 1 3
14. (@ (7,9,0) (b) r=£{0]+7{l]orr:i[0J+u[4],k,ueR
-9 1/4 -9 1
4_y__ 4
A
4 4
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15.

16.
17.

18.
19.

20.

21.

22.
23.

24.

(@ %(2:41) & LB
3
a o= —1,[3 _1 (b) ém sq. units
3 2 2
2x—-y+3z = -1
ren = -5
(a) ﬁI:L(—i+2j+k),ﬁ2:1(3i+4j) (b) 1
J6 5 J6
-3 1
(a) =36 (b) @) -1 (i1) 1] (¢) Sx-1ly+z = -18
4 6
(12.22.13)
15> 15’15
a=3,b=29
3 4 5
@ r=|4|+M3|+ul2]. A peR (b) 3x—1ly+7z = -21
2 3 1
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STATISTICS AND PROBABILITY

1. @ 05 b G 56.60 ) 3.5
2. 0.055
3. (@) a b)) 1-2a
4. (@ 0.07 (b) 0.86 (c) S—g
5. (@) Seesoln (b) () 46 (i) 3 (i) 4
6. (@ x (b x+1 (©) 46%
9 1
8. (@ () 3yrs (i) 3.8 (i) 1.8 (b) i_éll
9. (a) ;—(1) (b)) @G 2.8 @G 0.86 © @) 4%) (ii) 47—0
10. (a) 0.92 (b) 90 (¢) 63
8 36
1 1 ) 16x2
12. (a) Ex + g (b)) @) 6o 8ial
13. (a) () 3x (i) 4x (b) % (©) ;—(7)
8 . 8 .. 4
14. (a) 5 (b) @) 3 (i1) 3
15. (a) 24 (b) 336
16. See soln
17. (a) 0.06 (b) 0.21 (c) 0.44 (d 0.79 (e) %
18. (a) (i) 35—2 (ii) 1% (iii) % (b) 2.5
19. a=8,b=11
20. a=18,b=6
21. See soln
22, a=25,b=6
23 n+1
on-— 1
3 1 1
% @ ; ® 3 © 3
25. (a) 05 (b) Seesoln (¢c) (@) 2_4—ﬁ @) 0.25 (@) T (e) g
0, x<0
4 2 ) 4
26. (a) - (b) 3 (c) b=4 d (@ Fx) = Earctan(x), 0<x<1
1, x>1

© IBID Press 10
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(i) Seesoln (i) c=8

0, x<0
27. (& (1) F(x) = | 1,x20 (i) See soln
x+1
. 8
) 1 1 (i1) 3 (i) 19
408
28. 7187

© IBID Press 11
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CALCULUS

1. y=2x
2 @ @y )2 &) D

3. See soln

1  2=n B ) 72
4. (a) ﬁ + —9— (b) y = (1 + E)X - —8—
5. 2
. 1 -1In(x) .. .
6. (@ (@ — (i1)) (sinx)(cos(cosx))  (ii1)
X

7. (@ (1) 3xZ+12x+9 (i) -1,-3

b) () x3+6x2+9x+4 (i) (-4,16)  (ii) 27 sq. units

4
8. (@ 12 (b 162—%+ln(2)

2
16
0. )
10. @ Z2a(3.3-242) (b) () 2#" X +xJ Gy 2a2.
3 a a+x
11. (a) 121:—51 (b) (1) sin(2x)+2xcos(2x) i) -1
. t .. . 2t +2 12
12. (a) (1) m (11) 1- 11'1(2) (b) (1) m m
(iii) 1.5-2In(2)
t 1
13. (a) In(2Q)-2 (b) 7 + 5
14. (@) 7 (b) 15+a (b) g
15. (@ @) 4 (i) 0.25 (b)) 1
104 .
16. (a) 18 (b) = sg. units
17. @ @G 4 () 0 (b g
18. 6 —4sin(1)
19. (a) % b)) (1) 2312 (i) 2460
20. (a) 43—()ﬁ sg. units  (b) %ﬂ: cubic units
71 . 2 . ) _ 2 2
. (a) 6x-4 (b) (1) -3 2 (i1) min atx =2, max at x = -3 (c) 3
22. (a) 1sq.units (b) %2 cubic units

© IBID Press 12
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23. (a) Seesoln (b) () 10-2x (1) 25 sq. units

24. 5—27r cubic units

15
b b
25. (a) % (b) y:)c_()x_b+y0
. 8
26. (a) asqunits (b) 3

27. (@ @ O (1) -—am

28. (a) (i) 3x2cos(2x)-2x3sin(2x) (i) (6x—4x3)cos(2x)—12x2sin(2x)

(b) e
29. (a) -24 b) 0
30. (a) Seesoln (b) 5.5 units

12 6
3. (b)) x = §<6+J§),y = ﬁ<5—f3>

32, (a) %sinZ (b) -%

3. y=1

3.y = —x42m

35. (a) Seesoln (b) % squnits () %’t cubic units

36. (@ () Seesoln (i) v2=s2-2s+In(s+1)+4  (b) 3
9. @ y=0 ) x=1

38 1

39, @ () (In2)y=2x—1+In2 (i) (In2)y = x—1 (b)
4. @ 15 (b) 2(2-arctan(2))

M. @ 2 O %

42. 2-.2
42
53 @ L= w36 2arcsin(§) _ §A/4 —x2+c|x <2

(i) - %A/(4 —x2)3 4, |x <2

44. (@) 1) (l,eH) (i) (2,2e72) (b) See soln
© @ O<k<1 (1) k<O0ork =1 (i11) k>1
e e e
45. 1 cms!
60
46. 1 ms-!

47. (@ (@) 8e! ms! (i) —4e2ms2 (b) 16(1-2¢)m
48. (a) -3 (b) -0.5

© IBID Press 13
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49.

50.

51.
52.

53.

2
(i)

1len(x) - lx2 +c

4

x>0,y>1 (©)

(@ @) %(lnx)2+c (ii)
b O [feC, 800
(ii1) g(ln3)[(ln3) — 1]+ 2 sq. units

y = —a2Inx-x2+2
y = e%arctan(x)

1 2
@ oo ® v=5Tn

_1,

(@ R =60-50e 15,t>0

© IBID Press

(b)

15In(1.25) hrs

14

A=(1,0), B=(3, In3)

See soln
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